This is the third of five papers detailing our national study of general education astronomy students' conceptual and reasoning difficulties with cosmology. In this paper, we use item response theory to analyze students' responses to three out of the four conceptual cosmology surveys we developed. The specific item response theory model we use is known as the partial credit model. Since readers may be unfamiliar with the partial credit model, we provide a pedagogical introduction to this model. We use the partial credit model to assess the reliabilities of the four survey forms and to determine the probabilities of students achieving different scores on survey items.
INTRODUCTION
This is the third paper in a five paper series describing one of the first large-scale, systematic studies of general education introductory astronomy (hereafter, Astro 101) students' conceptual and reasoning difficulties with cosmology. In Paper 1 (Wallace, Prather, and Duncan 2011a), we described how we designed four survey forms (denoted A-D) to measure students' conceptual cosmology knowledge. Each survey focuses on a different construct: Form A examines students' abilities to interpret Hubble plots, Form B examines students' models of the expansion of the universe and the Big Bang, Form C examines whether or not students understand how the properties of the universe have changed over time, and Form D examines whether students can reconstruct the chain of reasoning linking the flat rotation curves of spiral galaxies to the existence of dark matter. Paper 1 also contains qualitative evidence for the validity of these surveys. Paper 2 (Wallace, Prather, and Duncan 2011b) discusses how we scored students' survey responses and it contains our inter-rater reliability and classical test theory (CTT) analyses of those scores.
This CTT analysis was important for our research because CTT provides statistics that are easy to compute, analyze, and report, and which yield important insights into the functioning of the surveys. But while our CTT analysis informed our interpretations of and revisions to the survey forms, there are still many questions we have that require an analysis beyond CTT to answer. For example, we cannot establish (using CTT alone) whether the low values we obtained for Cronbach's a indicate that our surveys are unreliable, or whether our calculated values of Cronbach's a are dominated by other effects, such as test length (Schmitt 1996) and=or population homogeneity (Thompson 2003) . CTT also provides us with no information about how the probability that a student will earn a particular score on a particular item is related to student knowledge=ability.
To help address these issues, we analyzed our data using item response theory (IRT). IRT uses an ensemble of data (students' scores) to simultaneously model the ability of each student and the difficulty of each item. In this paper, we use an IRT model known as the partial credit model (Masters 1982) . This paper thus complements the results of the CTT analysis we described in Paper 2. Note that the data to which we applied IRT and CTT analysis methods were created by rigorously analyzing student written responses to the items of the four survey forms and coding these responses with very detailed rubrics (for more, see Papers 1 and 2). Readers who want a pedagogical introduction to IRT should consult Hambleton and Jones (1993) , Harris (1989) , or Wallace and Bailey (2010) . This paper provides a detailed discussion of the results of our IRT analysis.
The purpose of this analysis is to understand the characteristics of the survey forms' items and the reliability of our surveys from an IRT point of view. We will neither elucidate common student difficulties (the subject of Wallace, Prather, and Duncan 2012a, aka "Paper 4") nor will we perform any analysis related to increases in student achievement (the subject of Wallace, Prather, and Duncan 2012b, aka "Paper 5"). Our IRT analysis is thus complimentary to our CTT analysis in Paper 2.
Since members of the astronomy education research community may be unfamiliar with the partial credit model, we give a pedagogical overview. Section 2 describes the partial credit model in detail. Section 3 contains our partial credit model analysis of students' scores. We summarize the results of our partial credit model analysis in Section 4.
THE PARTIAL CREDIT MODEL
The partial credit model is a member of the Rasch family of IRT models. The Rasch model (Rasch 1980=1960) is the simplest member of this family. It may be written as
where P(X pi ¼ 1) represents the probability that a student p correctly answers an item i and P(X pi ¼ 0) represents the probability that a student p incorrectly answers an item i. The natural logarithm of the odds (i.e., the ratio between P(X pi ¼ 1) and P(X pi ¼ 0)) equals the difference between student p's ability "h p " and item i's difficulty "b i ." This relationship ensures abilities and difficulties are both measured in log odds units (logits).
The model described by Eq. (1) only applies to dichotomously scored items (i.e., items that are scored either 1 or 0 depending on whether a student gave a correct or incorrect response, respectively). Since items on the four conceptual cosmology survey forms were scored polytomously (see Paper 2), we used the partial credit model. Masters (1982) formulated the partial credit model in order to analyze items for which there are ordered levels of performance and for which partial credit is assigned to a respondent's answer.
The key difference between the partial credit model and the Rasch model is that the partial credit model does not assign a single number to an item to represent its difficulty. Instead, it characterizes an item by multiple step difficulties. Each step difficulty b ij determines when a student of ability h p is just as probable to have a score j as she is to have the next highest score j þ 1 on item i. Equation (1) is thus altered such that it applies to each set of adjacent scores. For example, imagine that an item has four possible scores: 0, 1, 2, and 3. The partial credit model assumes that Eq. (1) holds between scores 0 and 1, 1 and 2, and 2 and 3
ln
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Thus, when h p ¼ b i0 , student p is just as likely to earn a score of 0 on item i as she is to earn a score of 1. These equations can be combined and generalized for any item i scored x ¼ 0,…,m i . For the category x ¼ j, the partial credit model is (Embretson and Reise 2000; Masters 1982 )
as long as
Sometimes we find the step difficulties b ij are not as useful or easy to talk about as an item i's Thurstonian thresholds b ij . The Thurstonian threshold b ij for category j is defined as the ability at which the probability of getting a score less than j equals the probability of getting a score of j or greater (Wilson 2005) .
We used the CONSTRUCTMAP software (Kennedy et al. 2006) to estimate students' abilities h p , items' step difficulties b ij , and items' Thurstonian thresholds b ij . CONSTRUCTMAP anchors the logit scale by setting the mean item difficulty to 0 logits. We used the expected a posteriori procedure in our estimates of students' abilities, since it is both computational faster and more accurate than other estimation procedures (Embretson and Reise 2000) . Readers who are interested in the details of IRT parameter estimation techniques should consult Baker and Kim (2004) .
PARTIAL CREDIT MODEL ANALYSIS
As noted in Paper 1, we collected and scored a total of 4359 surveys over the course of this research project. We used the partial credit model to analyze each semester's data. We collected a total of 907 student responses in the fall 2009, 2296 in the spring 2010, and 1156 in the fall 2010. For a given semester, we estimated student and item parameters using both pre-and post-instruction responses. This is acceptable because IRT, unlike CTT, attempts to disentangle item difficulty parameters from students' abilities. We can, therefore, estimate difficulty parameters using students of low abilities, students of high abilities, or both. By using both pre-and postinstruction responses in our estimations, we are using the full range of student abilities present in our data.
Item Parameters
Tables 1-3 show the step difficulties and Thurstonian thresholds for each item on the fall 2009, spring 2010, and fall 2010 versions of Forms A-C (as discussed in Paper 2, we modified several items between semesters, and we removed some items prior to our analysis because they were deemed conceptually problematic from an astrophysical standpoint). We did not apply the partial credit model to any version of Form D since it exhibits what Yen (1993) calls "item chaining." Item chaining means that each item builds off the previous item such that knowing the answer to one item increases the probability that one correctly answers the next. Because Form D has item chaining, it violates the assumption of IRT that IRT model parameters should explain all correlations between students' responses (Embretson and Reise 2000; Yen 1993 ).
Our experience with IRT analyses suggests that step difficulty and Thurstonian threshold values < À3 logits are abnormally low and values > 3 logits are abnormally high. Most of the step difficulties and Thurstonian thresholds shown in Tables 1-3 fall within these limits, but there are exceptions. We are not concerned about values < À3 logits since our scoring rubrics' requirements for earning scores greater than 0 are easy to achieve: For most items, students simply had to give a response (even an incorrect one) to get a score of 1. On several items, such as Items 1-4 on Form A, students were simply required to choose a graph to earn a 1. Thus, the vast majority of students provided answers, which is why students of even the lowest abilities have non-zero probabilities of getting scores greater than 0. Scores higher than 1 required students to give correct answers and=or correct reasons for those answers. See Paper 2 for an example scoring rubric.
In contrast, the fact that some step difficulties and Thurstonian thresholds are > 3 logits is of considerable interest. When this occurs, it indicates an item that is very difficult for students of even the highest abilities. Stated another way, values > 3 logits show us where most students have a very small probability of achieving a certain score. To take one example, the spring 2010 version of Item 4 on Form A (which asks students to select, for a universe with a decreasing expansion rate, the corresponding Hubble plot and to defend their selection) has b i2 ¼ 3.46 and b i3 ¼ 3.93. This means most students are extremely unlikely to be able to earn a score of 3 on this item. Tables 1-3 show several other examples of items for which b ij and=or b ij are > 3 logits.
To reiterate, what do we learn when b ij and=or b ij > 3 logits? We learn that such items are so difficult that most students will not give complete and correct answers. This, in turn, provides us with information on which cosmological concepts are most difficult for students. See Paper 4 for a description of the most common cosmological concepts for students, as revealed by the surveys we developed.
We now examine these results using category response curves (CRCs). CRCs give us a graphical way of displaying the same type of information encoded in Tables 1-3 . Figure 1 shows the CRCs for a single item (the fall 2009 version of Form B's Item 1). This item asked students the following: "Explain, in as much detail as possible, what astronomers mean when they say 'the universe is expanding.' Provide a drawing if possible to help illustrate your thinking." Each curve in Figure 1 shows how the probability of attaining a certain score (0, 1, 2, 3, or 4) changes as a function of student ability h p . The higher the point on each curve, the more likely a student with the corresponding ability will provide a written response that would have been coded with the corresponding score (0, 1, 2, 3, or 4). The CRC for score 0 has its greatest probability at the lowest student abilities. By the time we are sampling students of ability h p ¼ À0.4, the CRC for score 1 has the greatest probability. The probability of giving a response coded with a score 2 dominates for students with ability h p ¼ 0.4 or greater. The last two CRCs illustrate just how difficult it was for students to give responses we would have coded with the highest two scores (3 and 4) for this item.
How does this compare with the information one gets from CTT? In CTT one only gets a single number (the Pvalue) to describe an item's difficulty. For example, the pre-instruction P-value for the fall 2009 version of Item 1 on Form B is 0.39. This means that students in this surveyed population averaged a 39% on this item (but since this item was scored polytomously, P ¼ 0.39 does not mean that 39% of students got this item correct and received full credit). While this is a useful statistic to compute, it does not provide any information about how well one might expect students of different abilities to perform on this item. In contrast, IRT (in general) and the partial credit model (in particular) provide a much more expansive view of student performance on a given item. The CRCs allow one to predict the probability of receiving a particular response from a student of any given ability. For example, Figure 1 shows that students with an ability of h p ¼ À1 have virtually no chance of earning scores of 3 or 4 on Form B's Item 1. Those students have almost a 50% chance of getting a 0 on this item, although they also have an approximately 35% probability of earning a 1 and an approximately 15% probability of earning a 2.
To take another example, look at Figure 2 , which shows the CRCs for Item 3 on the fall 2009 version of Form C. This item asked students the following: "Has the temperature of the universe changed over time, or has it always been about the same? Explain your reasoning and provide a drawing if possible to help illustrate your thinking." For this item, there were only four possible scores a student could have earned (0, 1, 2, or 3). This item is difficult for students with a wide range of abilities, as evidenced by the high probability of earning a score of 1, which indicates an incorrect response. However, students of abilities h p > 1 were able to not only give a correct answer but also support that answer with reasoning that was scientifically correct. This result was not seen in the analysis of the next item.
At the more difficult end of the spectrum is Item 3 from the fall 2009 version of Form A. This item asks students "Which graph or graphs [from a bank of graphs we provided] show a universe that is expanding at a faster and faster rate over time? Explain your reasons for making your selection(s)." The CRCs in Figure 3 show that a score of 1 was always the most probable score for students over the entire observed range of abilities. While a small number of students of higher abilities had a non-negligible probability of earning a 2, the CRC shows that students of any ability were extremely unlikely to earn a score of 3. This result stems from the fact that students had to both pick the correct graph and defend their choice with a very sophisticated explanation using conceptually complex chains of reasoning. Overall, the CRCs shown in Figures 1-3 provide graphical illustrations of the kind of information contained in Tables 1-3 , which show that we have created items with a wide range of difficulties in order to measure a wide range of student abilities.
Wright Maps
A Wright map provides a convenient way to summarize all information about students' abilities and items' difficulties for all items on a single survey form. Figures 4-12 display the Wright maps for each semester's version of Forms A-C. Each Wright map has two components. The left part is a histogram of students' abilities (or "proficiencies" in the nomenclature of CONSTRUCTMAP, which generated these graphs). The right part shows multiple dots for each item. Each blue square represents the ability above which a student is more likely to have a score of 1 or greater on that item. Each green circle represents the ability above which a student is more likely Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc. to have a score of 2 or greater on that item. Each red triangle represents the ability above which a student is more likely to have a score of 3 or greater on that item. Each purple diamond represents the ability above which a student is more likely to have a score of 4 on that item. In other words, the dots represent the logit locations of the Thurstonian thresholds (see Tables 1-3) for each item.
There are two pieces of information one can derive by looking at a Wright map. First, notice that for all versions of all forms, the Thurstonian thresholds generally "span the space" of students' abilities, by which we mean the logit range of the items' Thurstonian thresholds is greater than and overlaps with the range of observed student abilities. If the logit values of the items' Thurstonian thresholds were not greater than or did not overlap with the range of observed student abilities, then that would call into question the reliabilities of the surveys. The fact that there is not a large offset between the logit values covered by the items' Thurstonian thresholds and the locations of students' abilities is evidence that the survey forms are reliable (e.g., they can provide accurate measures of students' abilities since the vast majority of students have abilities that fall between the lowest and highest , the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc. , the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc.
Thurstonian thresholds). This is an important piece of information to extract from this analysis, especially because our CTT estimate of reliability, Cronbach's a, was affected by the brevity of each survey form and by the homogeneity of student responses (Schmitt 1996; Thompson 2003) .
Second, one can tell from these Wright maps which scores most students were likely to receive on the survey forms' items. For example, consider Figure 5 . The blue squares lie below the majority of student abilities, indicating that few students were likely to earn scores of 0 on any of Form B's items in the fall 2009. The green circles are also below many student abilities, although not as many as the blue squares. This means that many students had reasonable probabilities of scoring at least a 1 on each item on Form B. The red triangles and purple diamonds lie near the top of the histogram of abilities, indicating that only the highest ability students were likely to earn scores of 3 or 4 on Form B's items. For a contrasting case, look at Figure 4 . In Figure 4 , both the blue squares and red triangles for all items lie well outside of the range of student abilities. This means that all students who took Form A were unlikely to get scores of 0 or 3 on this item. Much more likely were scores of 1 or 2, whose transition point is shown by the green dots. Overall, the Wright Maps in Figures 4-12 reemphasize On the right are the Thurstonian thresholds for each item. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc. On the right are the Thurstonian thresholds for each item. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc.
that, for any semester, the constructs covered by Forms B and C (the expansion of the universe and the Big Bang, and the evolution of the universe, respectively) were easier for students to master than Form A's construct (interpreting Hubble plots). Note that only IRT provides this level of information-we could not make similar claims if we only analyzed our data with CTT, as we did in Paper 2.
SUMMARY
This paper presented our IRT analysis of students' responses to Forms A-C of the conceptual cosmology surveys. This analysis yielded valuable insights into the surveys, and the conceptual knowledge and reasoning abilities of our students. The analysis of step difficulties and Thurstonian thresholds for each item revealed which Figure 10 . Form A's Wright map for the fall 2010. A histogram of students' abilities (proficiencies) is shown on the left. On the right are the Thurstonian thresholds for each item. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc. On the right are the Thurstonian thresholds for each item. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc.
levels of understanding were attainable or well beyond the abilities of our students. The data presented in this paper tell us that interpreting Hubble plots (the subject of Form A) is much more difficult for students than understanding the Big Bang and the expansion and evolution of the universe (the subjects of Forms B and C). We also obtained evidence for the reliabilities of Forms A-C, since the Wright maps presented in this paper show our surveys' items adequately span the space of students' abilities. This adds an important component to the validity evidence we began enumerating in Papers 1 and 2.
The information in Paper 1, Paper 2, and this paper illustrates the level of rigor our analysis has undergone to accurately probe Astro 101 students' conceptual and reasoning difficulties with cosmology. These three papers combined establish the foundation for our research methodology and the reliability and validity of the surveys we used to assess students' understandings of cosmology. The next two papers in this series present findings from this study that answer the fundamental research questions we posed in Paper 1: What are Astro 101 students' common conceptual and reasoning difficulties with cosmology? Do the new cosmology Lecture- Figure 12 . Form C's Wright map for the fall 2010. A histogram of students' abilities (proficiencies) is shown on the left. On the right are the Thurstonian thresholds for each item. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc. Blue corresponds to b i0 (i.e., the ability at which one has equal probability of earning a score < 1 and a score ! 1), green to b i1 (i.e., the ability at which one has equal probability of earning a score < 2 and a score ! 2), etc.
